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Diseases, National Institutes of Health, Bethesda, MarylandABSTRACT The formation of linear protein fibrils has previously been shown to be enhanced by volume exclusion or crowding
in the presence of a high concentration of chemically inert protein or polymer, and by adsorption to membrane surfaces. An equi-
libriummesoscopic model for the combined effect of both crowding and adsorption upon the fibrillation of a dilute tracer protein is
presented. The model exhibits behavior that differs qualitatively from that observed in the presence of crowding or adsorption
alone. The model predicts that in a crowded solution, at critical values of the volume fraction of crowder or intrinsic energy of the
tracer-wall interaction, the tracer protein will undergo an extremely cooperative transition—approaching a step function—from
existence as a slightly self-associated species in solution to existence as a highly self-associated and completely adsorbed spe-
cies. Criteria for a valid experimental test of these predictions are presented.INTRODUCTIONThe molecular mechanisms of a variety of biological phe-
nomena, including cellular motility, mitosis, and prokary-
otic cell division, involve the reversible formation of
linear fibrils or fibers composed of globular protein subunits
(e.g., actin, tubulin, and FtsZ) (1–3). The equilibria and ki-
netics of linear fiber formation under dilute solution condi-
tions have been studied extensively both theoretically (4,5)
and experimentally (2,3,6–9). The local environments
within which protein fibrils are formed in vivo contain a
high total concentration of soluble macromolecules that
may interact nonspecifically with the fiber-forming protein,
as well as a variety of relatively immobile structures, such as
membranes or static filaments, that cumulatively present a
large area of surface to which such fibers might adsorb
reversibly (10,11). Both of these environmental factors
have a potentially large effect on the equilibria and kinetics
of fiber formation. Previous theoretical and experimental
studies from our laboratory and others (12–14) have demon-
strated that the tendency of a dilute protein to form fibrils is
significantly enhanced in solutions containing high concen-
trations of nominally inert polymers and proteins, a phe-
nomenon that is attributed primarily to excluded volume
or macromolecular crowding (15–17). Other theoreticalSubmitted October 9, 2014, and accepted for publication December 17,
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(18–20) have demonstrated that the presence of adsorbing
surfaces can significantly enhance the tendency of dilute
proteins to form adsorbed linear and nonlinear aggregates.
For these reasons, we speculated that the presence of both
high concentrations of inert macromolecules and surfaces
to which the fiber-forming protein can adsorb might have
a cumulative effect on fiber formation by the dilute protein
that is greater than the sum of the separate effects of crowd-
ing and adsorption. This speculation motivated the develop-
ment of the model presented below, which is intended to
elucidate major energetic contributions to the overall pro-
cess and therefore is mesoscopic rather than atomically
detailed.Description of the physical model
We introduce a highly simplified model for the combined ef-
fect of excluded volume and adsorption on protein fiber for-
mation. The model consists of an enclosed solution of fixed
volume that contains a variable total concentration of nonas-
sociating molecules (termed crowder) and a fixed low total
concentration of molecules (called tracer) that can self-asso-
ciate to form indefinitely long linear fibrils. For simplicity,
monomeric tracer and crowder are represented by spheres
of radius r. Generalization to unequal sizes of crowder
and tracer monomer is straightforward, but it increases
the computational complexity without a correspondingly
greater insight into fundamental processes. Fibrillar aggre-
gates of tracer are represented by spherocylinders with a cy-
lindrical radius r and a cylindrical length calculated such
that the volume of an n-mer is equal to n times the volumehttp://dx.doi.org/10.1016/j.bpj.2014.12.033
958 Hoppe and Mintonof monomer. With this condition, the ratio of the cylindrical
length to the diameter of an n-mer, denoted by Ln, is equal to
2/3(n – 1). The total volume of the system is partitioned into
two compartments: the bulk compartment and a surface
compartment adjacent to the hard wall enclosing the system.
This compartment, which is taken to be planar on a molec-
ular scale, has a thickness equal to 2Qr, where Q is a factor
that is only slightly larger than unity that is introduced to
allow for the finite range of interaction between tracer and
surface. Tracer particles lying entirely within this compart-
ment are considered to be adsorbed. Crowder particles may
accumulate within the surface compartment, but have no po-
tential for interaction with the surface, whereas an adsorbed
tracer n-mer within the surface compartment, lying approx-
imately parallel to the plane of the surface, has a potential
for interaction with the surface equal to nDHads=RT. The ra-
tio of the volume of the surface compartment to the total
volume of the system is given by fsurface, which will vary
with the total volume and shape of the system. The principal
states of the system are depicted schematically in Fig. 1.Equilibrium relations
Effect of crowding on fiber formation in bulk solution
The formation of fiber in solution is modeled by an isodes-
mic reaction scheme (8,21) in which the free energy of addi-
tion of a monomeric unit to the end (or ends) of a growing
fiber is assumed to be independent of the length of the
fiber for all n. It follows that the thermodynamic equilibrium
constant for the addition of a monomer to an oligomer is
given byFIGURE 1 Principal states of the model system. Tracer species are de-
picted as red circles and spherocylinders, and crowder species are shown
as gray circles. Upper left: tracer monomer in bulk; upper right: tracer
n-mer in bulk; lower left, tracer monomer in the surface compartment;
lower right: tracer n-mer in the surface compartment. To see this figure in
color, go online.
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ab;nab;1
; (1)
where ab;i denotes the thermodynamic activity of i-mer in the
bulk fluid. We then define the apparent equilibrium constant
Kh
cb;nþ1
cb;ncb;1
¼ K0
gb;ngb;1
gb;nþ1
(2)
orln K ¼ ln K0 þ ln gb;1 þ ln gb;n  ln gb;nþ1; (3)
where cb;i and gb;i respectively denote the concentration and
thermodynamic activity coefficient of species i in the bulk
fluid. One can estimate the activity coefficient of each
species present in the model system using results obtained
from the scaled-particle theory of convex hard-particle fluids.
In this instance, the logarithm of the activity coefficient of an
isolated spherical monomer of radius r or a spherocylindrical
n-mer of cylindrical radius r and cylindrical length/diameter
ratio Ln in a bulk fluid of hard spheres of radius r occupying
a total volume fraction f is calculated according to
ln gb;n ¼ lnð1 fÞ þ A1Z þ A2Z2 þ A3Z3; (4)
where A1 ¼ 7þ 6Ln, A2 ¼ 7:5þ 9Ln, A3 ¼ 3þ 4:5Ln,
Z ¼ f=ð1 fÞ, and Ln ¼ 2ðn 1Þ=3 (22,23). Combining
Eqs. 3 and 4 leads to
ln K ¼ ln K0 þ lnð1 fÞ þ 3Z þ 1:5Z2: (5)
It follows from Eq. 2 that the concentration of n-mer in the
bulk is given by
cb;n ¼ Kn1cnb;1 (6)
The total concentration of tracer in the bulk fluid is then
given by
cb;tot ¼
XN
n¼ 1
ncb;n ¼
XN
i¼ n
nKn1cnb;1: (7)
Conversion of Eq. 7 to dimensionless units yieldscb;tothKcb;tot ¼
XN
n¼ 1
nðKcb;1Þn ¼
cb;1
1 cb;1
2; (8)
where cb;1hKcb;1. We define the reference quantity0cb;tothK0cb;tot, which denotes the dimensionless concentra-
tion of tracer in the bulk in the absence of crowder. It is this
quantity that is held constant when the model calculations
described below are performed for varying values of f. It
follows from Eq. 5 that
ln cb;totðfÞ ¼ ln c0b;tot þ lnð1 fÞ þ 3Z þ 1:5Z2: (9)
Thus, given the values of c0b;tot and f, one can calculate thevalues of all cb;n using Eqs. 6, 8, and 9.
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The equilibrium between n-mer in the bulk and adsorbed n-
mer is given by
ln
cs;n
cb;n
¼ ln gb;n  ln gs;n  nDHads=RT þ DSads;n=R; (10)
where cs;n denotes the dimensionless concentration of ad-
sorbed n-mer (hK0cs;n), gs;n is the thermodynamic activity
coefficient of adsorbed n-mer, DHads is the enthalpy of
adsorption per monomeric subunit, DSads;n is the change in
entropy accompanying adsorption of an n-mer, R is the
molar gas constant, and T is the absolute temperature. To
simplify the notation, we shall henceforth write DHads in
units of RT, and DSads;n in units of R. In the simplified model
presented here, the change in entropy is assumed to be due
to a loss in possible rotational configurations:
DSads;n ¼ ln

UðrotÞs;n
.
U
ðrotÞ
b;n

; (11)
where UðrotÞs;n and U
ðrotÞ
b;n denote the number of rotational con-FIGURE 2 Regions shaded with wavy lines indicate the volumes
excluded by a spherocylindrical tracer n-mer to a spherical crowder particle
in the bulk (top) and when adsorbed to the surface (bottom). The region
shaded with dots in the lower image indicates the volume excluded by
the hard wall to a crowder sphere in the absence of adsorbed tracer
n-mer. To see this figure in color, go online.figurations accessible to an n-mer in the surface and bulk
compartments, respectively. We may estimate the value of
DSads;n as follows: Consider a spherocylinder of diameter
2r and cylindrical length 2rLn. In the bulk compartment,
this spherocylinder may have any orientation. The total num-
ber of these orientations is proportional to the surface area of
a sphere of radius rLn. An adsorbed spherocylinder can only
have orientations such that the spherocylinder is entirely
between two planes separated by a distance 2r(Q 1), corre-
sponding to the fraction of the surface area of the sphere of
radius rLn that lies between 5 (Q  1)r of the equator.
Thus, we may write
U
ðrotÞ
b;n f4pðrLnÞ2 (12)
and
UðrotÞs;n f4pðrLnÞ2  4pðrLnÞ½rLn  ðQ 1Þr: (13)
Combining Eqs. 11–13 yields
DSads;nz

0 for n ¼ 1
lnðQ 1Þ  ln Ln for n>1 : (14)
The calculation of ln gs;n proceeds in two stages, corre-
sponding to two levels of approximation: two-body and
multibody.
Stage 1. Two-body approximation. The two-body approx-
imation was inspired by previous work by Sear (24), who
estimated the work required to move a spherocylindrical
particle from the interior of a hard-sphere fluid to a hard-
wall boundary. Sear treated the excluded volume at the levelof two-body interactions, consistent with Asakura-Oosawa
theory (25). In a similar fashion, considering only the inter-
action of tracer with a single crowding particle, we may
write (26)
ln gb;n ¼ Vb;nCrC (15)
andln gs;n ¼ Vs;nCrC; (16)
where rC denotes the number density of hard spherical
crowding particles, and Vb;nC and Vs;nC respectively denote
the volume that is excluded to the center of mass of a crow-
der sphere when a spherocylindrical n-mer is in the interior
of the fluid and when it is lying flat against the hard surface.
It follows that at this level of approximation,
ln gs;nðfÞ ¼ RV ln gb;nðfÞ; (17)
where RV ¼ Vs;nC=Vb;nC. The two exclusion volumes are
indicated schematically in Fig. 2. It is evident that RV z
0.5, independently of n for Q z 1, as approximately half
of the volume excluded by the spherocylinder to the crowder
in bulk is already excluded to the crowder particle by the
wall (in the absence of the spherocylinder) when the spher-
ocylinder is lying against the wall.
Stage 2. Multibody approximation. The two-body approx-
imation neglects simultaneous interaction between the
tracer n-mer and more than one crowder particle. In addi-
tion, the approximation assumes that the distribution ofBiophysical Journal 108(4) 957–966
FIGURE 3 MC calculation of the logarithm of the ratio of successful
insertion probabilities of an n-mer in the bulk to that at the surface, plotted
for monomers (black circles), dimers (magenta squares), trimers (blue di-
amonds), and tetramers (red triangles) as a function of the fraction of vol-
ume occupied by crowder. Symbols indicate calculated results, and dashed
curves are empirical quadratic functions to guide the eye. To see this figure
in color, go online.
960 Hoppe and Mintoncrowder particles in the fluid is independent of position rela-
tive to the wall, whereas previous Monte Carlo (MC) studies
of a hard-sphere fluid adjacent to a wall indicated that the
density of spheres adjacent to the wall is greater than that
in the bulk fluid (27,28). Both of these effects become
more pronounced with increasing f.
To improve our estimate of ln gs;n, we performed MC cal-
culations of the probability of successful insertion of a
spherical monomer or a spherocylindrical n-mer into a
hard-sphere fluid, as described below. A total of 1024
hard-sphere particles were placed in a cubic simulation
box that was periodic in the x and y directions and contained
a hard planar wall in the z direction. The sphere diameters
were scaled to match the desired packing fraction f, where
the value of f ranged from 0.02 to 0.30. Each MC cycle con-
sisted of displacing each sphere a distance of d in a direction
chosen uniformly at random. The value of d was adjusted to
achieve a 40–60% acceptance ratio. The spheres were
initially arranged on the sites of a face-centered cubic lat-
tice. After the optimal value of the displacement distance
was determined, the system was run for 105 cycles, during
which time the initial configuration was lost as the system
rapidly equilibrated.
A data collection phase was started after equilibration of
the hard sphere fluid. During this phase, a snapshot of the
crowder conformation was saved every 103 MC cycles for
a total of 104 times. For each snapshot, we attempted a min-
imum of 104 trial insertions of spheres or spherocylinders of
varying lengths representing monomers through tetramers.
Each n-mer was inserted at a height z relative to the surface
of the hard bounding wall. Spherocylindrical n-mers were
oriented randomly in the bulk but oriented nearly parallel
to the boundary when placed within the surface compart-
ment, consistent with restrictions of orientation imposed
by the value of Q. We determined the probability of a suc-
cessful insertion of a hard spherical monomer or spherocy-
lindrical n-mer into a fluid of hard spheres (i.e., no overlap
of the inserted particle with any hard sphere) by repeating
the insertion trials until the ratio of the number of successful
insertions to the total number of insertion trials became con-
stant to within 1% of the reported value. In the bulk fluid
(distant from the surface), we found no significant differ-
ence between the successful insertion probability of a
randomly oriented polymer and a polymer constrained to
lie parallel to the wall, indicating that our box was suffi-
ciently large.
The results of these calculations are summarized in
Fig. 3, in which the natural logarithm of the ratio of the
probability of successful insertion of an n-mer into the fluid
distant from the surface to the probability of successful
insertion of the same n-mer into the fluid adjacent to the
surface is plotted as a function of f for monomer, dimer,
trimer, and tetramer.
It follows from the Widom insertion theorem (29) that the
probability of successful insertion of a hard particle into aBiophysical Journal 108(4) 957–966fluid of other hard particles is related to the thermodynamic
activity coefficient of the inserted particle by
gx;nðfÞ ¼ 1=Px;nðfÞ; (18)
where gx;n denotes the thermodynamic activity coefficient
of the inserted particle in compartment x (x ¼ b for bulk
or s for surface), and Px;nðfÞ denotes the probability of
successfully inserting an n-mer into this compartment.
Combining Eqs. 17 and 18, we obtain
RVðfÞ ¼ 1þ ln

Pb;nðfÞ
Ps;nðfÞ
	
ln gb;nðfÞ; (19)
Using Eq. 4 to calculate ln gb;nðfÞ, and Eq. 19 together with
the ln(ratio) data plotted in Fig. 3, we can calculate the
values of RVðfÞ plotted in Fig. 4. These results confirm
two predictions of the first-order treatment described above,
namely, that RV is approximately independent of the length
of the oligomer, and the estimated value of RVz0:5 is
approximately correct in the limit of low f. However, it is
clear that the value of RV increases significantly with
increasing f. This is in accord with our intuition that the
local concentration of crowder at the wall increases in pro-
portion to that of the monomeric tracer, since they are the
same size, and the local increase in crowder concentration
at the wall relative to the bulk will counteract the excluding
effect of bulk crowder to some extent, a phenomenon that is
neglected in the first-order approximation. We can obtain an
analytical approximation to the results plotted in Fig. 4 by
fitting a straight line to the plotted data. The best-fit straight
line, calculated according to
FIGURE 4 Dependence of RVon f, calculated according to Eq. 19. Sym-
bols correspond to results obtained from insertion probabilities of monomer
(black circles), dimer (magenta squares), trimer (blue diamonds), and
tetramer (red triangles). The calculated points are empirically described
by the straight line calculated using values of the intercept and slope given
in the text. To see this figure in color, go online.
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is plotted together with the data in Fig. 4. Combining
Eqs. 10, 17, and 20, we obtain
ln cs;n ¼ ln cb;n þ ½1 RVðfÞln gb;n  nDHads þ DSads;n;
(21)
Given the values of cb;n calculated as described in the pre-ceding section, DHads, and Q, the values of cs;n are calcu-
lated using Eqs. 14, 20, and 21.
Total distribution of tracer
The total concentration of tracer in bulk solution is denoted
by cb;tot (see Eqs. 7 and 8 above). Since the values of c

s;n
may in principle be calculated for all n, one may in principle
sum ncs;n over all n to calculate c

s;tot. However, for reasons
that will become apparent below, under certain conditions
adsorbed oligomers can grow without bound. Therefore,
we perform the calculation to a finite maximum value of
n, denoted as nmax, and demonstrate below that with
increasing nmax, the system approaches an asymptotically
limiting behavior. Thus the total concentration of adsorbed
tracer is obtained using
cs;tot ¼
Xnmax
n¼ 1
ncs;n: (22)
The total concentration of tracer in both the bulk and the sur-
face compartment is then given by
ctot ¼

1 fsurface

cb;tot þ fsurfacecs;tot:The mass fraction of each species of tracer in the bulk and
surface compartment may then be calculated according to
fb;n ¼ ncb;n


ctot (23a)
andfs;n ¼ ncs;n


ctot: (23b)
It follows that the mass average sizes of tracer in the bulk
and surface compartment are given by
hnib ¼
XN
n¼ 1
nfb;n
	XN
n¼ 1
fb;n (24a)
andhnis ¼
Xnmax
n¼ 1
nfs;n
	Xnmax
n¼ 1
fs;n: (24b)
Finally, the mass fraction of tracer adsorbed (i.e., in the sur-
face compartment) is given by
fs ¼
Xnmax
n¼ 1
fs;n: (25)
General properties of the model
It follows from the definitions of fb;n and fs;n above that
ln
fb;nþ1
fb;n
¼ ln iþ 1
i
þ ln c

b;nþ1
cb;n
(26a)
andln
fs;nþ1
fs;n
¼ ln iþ 1
i
þ ln c

s;nþ1
cs;n
: (26b)
We define the equilibrium partition coefficient for n-mer as
KPðnÞhcs;n


cb;n: (27)
Combining Eqs. 26 and 27, we obtainln
fs;nþ1
fs;n
¼ ln iþ 1
i
þ lnKPðnþ 1Þ
KPðnÞ þ ln
cb;nþ1
cb;n
: (28)
Because tracer in the bulk is defined to self-associate
isodesmically,
ln
cb;nþ1
cb;n
¼ ln cb;1 (29)
fb;nþ1 nþ 1 ln
fb;n
¼ ln
n
þ ln cb;1: (30)Biophysical Journal 108(4) 957–966
962 Hoppe and MintonFrom Eq. 21, we obtain
ln KPðnÞ ¼ nDHads þ DSads;n þ ½1 RVðfÞln gb;n (31)
so thatln
KPðnþ 1Þ
KPðnÞ ¼ DHads þ ðDSads;nþ1  DSads;nÞ
þ ½1 RVðfÞ

ln gb;nþ1  ln gb;n

: (32)
Combining Eqs. 4, 14, 20, and 32, we obtainln
KPðnþ 1Þ
KPðnÞ ¼ DHads þ ln
i
iþ 1þ ½1 RVðfÞ
 ð4Z þ 6Z2 þ 3Z3;
(33)
where Zhf=1 f. Combining Eqs. 28, 29, and 33, we
obtain
ln
fs;nþ1
fs;n
¼ DHads þ ½1 RVðfÞ

4Z þ 6Z2 þ 3Z3
þ ln cb;1ðfÞ: (34)
RESULTS AND DISCUSSION
In Fig. 5 the calculated values of lnðfb;nþ1=fb;nÞh
lim
n/N
½lnðfb;nþ1=fb;nÞ ¼ cb;1 and lnðfs;nþ1=fs;nÞ are plotted
as functions of f for different values of DHads and ln c
0
b;tot.
Whereas both lnðfs;nþ1=fs;nÞ and lnðfb;nþ1=fb;nÞ increase
with increasing f, the value of lnðfb;nþ1=fb;nÞ always re-
mains negative, indicating that the distribution of oligo-
meric species in the bulk always remains finite. In
contrast, at some value of f, which we call the critical value
and denote by fcrit, the value of lnðfs;nþ1=fs;nÞ attains a valueFIGURE 5 Dependence of lnðfb;nþ1=fb;nÞ (dashed curves) and
lnðfs;nþ1=fs;nÞ (solid curves) on f, calculated for DHads ¼ .5,
ln c0tot ¼ 0 (red circles) and DHads ¼ 0, ln c0tot ¼ .5 (black squares). To
see this figure in color, go online.
Biophysical Journal 108(4) 957–966of zero and becomes positive at greater values, indicating
that when f R fcrit, the distribution of adsorbed oligomer
species is unbounded and essentially all tracer is adsorbed.
The value of fcrit corresponding a particular value of
DHads may be obtained by numerical solution of Eq. 34
for f, when the value of lnðfs;nþ1=fs;nÞ is set equal to zero.
In Fig. 6 the value of fcrit thus calculated is plotted as a func-
tion of DHads for two values of ln c
0
b;tot. A remarkable feature
emerges: the condensation of tracer onto the surface takes
place even when DHads R 0, that is, in the absence of an
intrinsic attractive interaction between the tracer and the
surface, and even in the presence of a repulsive tracer-wall
interaction. The condensation is clearly driven by the very
large crowding-induced difference between ln gb;n and
ln gs;n (see Eq. 10), which increases strongly with in-
creasing f and n.
One can explore the equilibrium behavior of the system
by calculating the dependence of hnib; hnis and fs on f
and DHads, as described in the preceding section. The
results presented below were calculated using a value of
nmax ¼ 800 and Q ¼ 1.05. Test calculations presented in
Fig. S2 of the Supporting Material demonstrate that the
equilibrium properties calculated with this value of nmax
agree with those expected for the unbounded system to
within a very small margin of error, and that variation of
Q over a wide range has only a minor quantitative effect,
and no qualitative effect, on the behavior of the model.
The calculated dependencies of hnib; hnis and fs on f are
plotted in Fig. 7 for several values of DHads and for small
and large values of fsurface. We call attention to the following
qualitative features: At very low levels of crowding, the
average size of the adsorbed tracer is smaller than that of
the bulk tracer (Fig. 7 A). However, as f approaches fcrit,
the average size of the adsorbed tracer starts to increase
sharply, and at fcrit it reaches a value of nmax/2 (Fig. 7 B).
The steeply rising value of hnis as f approaches fcrit isFIGURE 6 Dependence of fcrit on DHads calculated for ln c
0
tot ¼ 0.5
(solid curve) and 0 (dashed curve).
AC D
B
FIGURE 7 Equilibrium properties of the model
calculated for nmax ¼ 800, plotted as functions of
f. Vertical dotted lines indicate values of fcrit
calculated for the corresponding value of DHads.
(A) Average size of bulk oligomers. (B) Average
size of adsorbed oligomers. (C) Fraction of tracer
adsorbed calculated for fsurface ¼ 0.001. (D) Frac-
tion of tracer adsorbed calculated for fsurface ¼
0.1. Multiple curves plotted in panels B–D corre-
spond to results obtained for DHads ¼ 0.2 (left),
0 (center), and 0.2 (right), respectively.
Crowding, Adsorption, and Protein Fibrillation 963associated with a concurrent increase in the fraction of
tracer that is adsorbed to the surface (Fig. 7, C and D).
For small values of fsurface (Fig. 7 C), the transition between
a slightly oligomerized tracer in bulk and a highly oligomer-
ized adsorbed tracer is highly cooperative, with 99% of the
increase in fs occurring over an increase of just 0.003 in f
(cf. Fig. S1). Based on the observation that the steepness
of the increases in both hnis and fs increases monotonically
with increasing nmax, and that at fcrit, hnis increases in pro-
portion to nmax, both transitions are expected to approach
step functions in the limit of large nmax. At large values of
fsurface (Fig. 7D), the amount of tracer that is adsorbed is sig-
nificant at low values of f and when hnis nmax, although
the transition to maximal oligomerization and complete
adsorption when f ¼ fcrit is retained. As predicted from
an examination of the results in Figs. 6 and 7, the qualitative
behavior of the model seems to be unchanged when DHads
increases from negative to zero, and even when it becomes
positive. Given a sufficiently high degree of crowding, the
thermodynamic driving force toward adsorption will ulti-
mately overcome at least a modest intrinsically repulsive
interaction between the tracer and the surface.
The calculated dependence of hnis and fs on DHads is
plotted in Fig. 8 for f ¼ 0.18 and small and large values
of fsurface. Just as fcrit was defined as the value of f that sat-
isfies Eq. 34 for a given value of DHads and
lnðfs;nþ1=fs;nÞ ¼ 0, the quantity DHads;crit is defined as the
value of DHads that satisfies Eq. 34 for a given value of f
and lnðfs;nþ1=fs;nÞ ¼ 0. For fixed f and fsurface  1, the
transitions between maximal and minimal oligomerizationand tracer adsorption are sharply dependent on the value
of DHads: 95% of the oligomerization of adsorbed oligomer
occurs when DHads is decreased by only 0.06 RT, and almost
100% of tracer is adsorbed when DHads is decreased by only
0.02 RT. As in the case of the dependence of these quantities
on f for fixed DHads, the steepness of the transitions in-
creases monotonically with increasing nmax (data not
shown), and both transitions are expected to approach step
functions in the limit of large nmax. It follows from Eq. 34
that if the intrinsic interaction between the tracer and sur-
face becomes sufficiently attractive, the tracer may undergo
a highly cooperative transition from being slightly self-asso-
ciated in solution to highly self-associated on the surface,
even in the absence of crowding. This result was hinted at
by an earlier analysis (19), but was only fully developed
here.
The major qualitative finding of this study is that the com-
bination of excluded-volume effects and adsorption may
lead to an extremely cooperative dependence of adsorption
and fiber formation on both the volume fraction of the crow-
der and the magnitude of the intrinsic interaction between
the tracer and surface. In the most extreme case, the model
predicts that dhnsi=df; dfs=df; dhnsi=dDHads, and
dfs=dDHads will approach N in the limit of large nmax,
although this limit is unlikely to be reached in any real sys-
tem. It seems highly likely that the growth of a fiber on the
surface will be limited by the occupancy of the surface by
other fibers and crowder particles, and also by the increasing
probability of fiber fragmentation with increasing fiber
length (30,31).Biophysical Journal 108(4) 957–966
A B
FIGURE 8 Equilibrium properties of model
calculated for nmax ¼ 800, plotted as functions of
DHads for f ¼ 0.18. Vertical dotted lines indicate
the value of DHads;crit for this value of f. (A)
Average size of adsorbed oligomers. (B) Fraction
of tracer adsorbed, calculated for fsurface ¼ 0.001
(solid curve) and fsurface ¼ 0.1 (dashed curve).
964 Hoppe and MintonThe model we have presented here contains obvious
simplifying approximations, and it is important to inquire
whether these simplifications could lead to qualitatively
incorrect conclusions. Three examples follow. 1) The rep-
resentation of proteins and protein aggregates by equiva-
lent hard particles and the use of scaled-particle theory
to estimate the thermodynamic activities of these particles
is justified by a broad variety of successful predictions and
descriptions of the properties of proteins in a highly
nonideal solution (for specific examples, see citations in
Hall and Minton (15), Zhou et al. (16), and Zimmerman
and Minton (17)). 2) It was correctly pointed out by a
reviewer that in a system containing a real protein in a
real aqueous solvent, in contrast to our simplified hard-par-
ticle protein model, the quantity we have denoted by DHads
might not be entirely enthalpic, as it could include contri-
butions from hydrophobic interactions between the tracer
and surface, which are partially entropic in nature. How-
ever, the distinction is inconsequential in this context since
the analysis is confined to constant temperature. 3) The
assumption that the self-association of the tracer in the
bulk is isodesmic is clearly an approximation. However,
a previous theoretical analysis indicated that significant de-
viations from a constant stepwise free energy of addition
are limited to oligomer sizes smaller than five (32), and
our calculations extend to oligomer sizes of several
hundred. Moreover, the experimentally measured linear
self-association of several proteins in solution has been
quantitatively accounted for by isodesmic or quasi-isodes-
mic models (3,33), indicating either that stepwise entropy
changes are less sensitive to oligomer length than pre-
dicted by idealized rigid-rod models or that the enthalpic
contribution to the total free energy of stepwise addition
of monomer to oligomer far outweighs the entropic contri-
bution, Clearly, the model presented here could be
expanded in a number of directions, including more gen-
eral and perhaps more realistic definitions of tracer-wall
interaction and tracer self-association. However, it is by
no means obvious that the increased complexity associated
with generalization would provide additional qualitative
insight.Biophysical Journal 108(4) 957–966It should be kept in mind that the model presented here is
an equilibrium model and does not in and of itself predict
either the primary reaction pathways or the rate at which
equilibrium will be attained. However, it is clear that in a
crowded system, the presence of large fibers in solution is
highly thermodynamically disfavored. Moreover, the
adsorption of long fibers requires translation and rotation
via diffusional processes that would be extremely slow in
dilute solution (34) and substantially slower in a crowded
medium (23,35). Thus, we expect fibrillation to proceed pri-
marily via the migration of tracer monomers and small olig-
omers to the surface, and the subsequent growth of fibers on
the surface to proceed by addition of tracer monomer to the
ends of adsorbed fibers. The rates of tracer monomer diffu-
sion to the surface, subsequent adsorption, and migration on
the surface depend on the packing fractions of crowder in
the bulk and surface compartments, and the relative strength
of the tracer-wall interaction. Depending on the relative
magnitude of the effect of each of these three factors, either
the migration of monomer to the surface or the rate of addi-
tion of adsorbed monomer to adsorbed fiber, or a combina-
tion of both, could be rate limiting.CONCLUSIONS
Semi-empirical theories regarding the effect of crowding on
translational diffusion of globular particles in three- and
two-dimensional fluids (23,36,37) predict a reduction in
the translational diffusional coefficient of monomer of
<10-fold at the highest volume fractions of crowder consid-
ered in this work. The effect of crowding on the rotational
diffusion of globular proteins is expected to be smaller
(38). Thus, we expect that the highly (and possibly
uniquely) cooperative transition from low-molecular-weight
soluble tracer to high-molecular-weight adsorbed tracer pre-
dicted by our model will be experimentally observable, pro-
vided that a suitable combination of tracer species, crowder
species, and surface can be found. The criteria for suitability
are that 1) the tracer species can be shown to form linear fi-
brils of indefinite length by means of an isodesmic or quasi-
isodesmic association scheme; 2) the tracer species and
Crowding, Adsorption, and Protein Fibrillation 965surface can be shown to exhibit a reversible interaction that
can be modulated by varying experimental variables such as
the pH, salt concentration, and temperature; and 3) the
crowder species, of size comparable to that of the mono-
meric tracer, can be shown to be inert (or nearly so) with
respect to both the tracer and the surface.SUPPORTING MATERIAL
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